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We report first principles calculations of the structural parameters and phonon dispersion of the tetragonal
non-centrosymmetric heavy fermion compound CeAuAl3. Taking into account weak magnetoelastic interac-
tions of the rare-earth (RE) ions with the spectrum of phonons, we obtain an analytical expression for the
hybridization of quadrupole excitations and phonons from the poles of the one-phonon Green-function. In
the paramagnetic phase, we predict the formation of mixed modes that may be observed by inelastic neutron
scattering. Our results show that magnetoelastic interactions, albeit being moderate, play an important role in
CeAuAl3. This suggests that magnetoelastic interactions may be equally important in a wide range of related
compounds.
PACS numbers: 71.27.+a,71.15.Mb,71.70.Ch
I. INTRODUCTION
Cerium-based heavy fermion compounds with the general
formula CeTX3, where T is a transition metal element and
X = Si, Ge, or Al feature a broad variety of different ground
states, such as heavy-fermion behavior, pressure-induced su-
perconductivity, or magnetic properties resulting from the in-
terplay between the Kondo effect and RKKY interactions.1–11
Poised at the border of a structural instability, these systems
are often reported to grow in several related structure types
such as CeCuAl3,
7,12,13 exhibiting also structural transitions7.
Moreover, crystal electric field (CEF) effects play an essen-
tial role for the physical properties of these strongly corre-
lated electrons systems. In particular the coupling of the CEFs
to homogeneous and inhomogeneous distortions of the lattice
represented by phonons appears to be of primary importance
as reported in CeCuAl3 and CeAuAl3.
1,14
Typically such magnetoelastic interactions are neglected,
assuming that they influence the system only weakly. How-
ever, in case of strong magneto-elastic coupling, phenomena
such as mixed-mode excitations of phonons and quadrupolar
excitations have been reported when the dispersion curves in-
tersect in momentum space. This may result in an anticrossing
that may be observed directly in inelastic neutron scattering
(INS). Several studies have reported putative evidence of an
anticrossing of acoustic phonons and quadrupole excitations,
e.g., in PrAlO3
15, TbVO4
16, TmVO4
17. In contrast, in inter-
metallic compounds an anticrossing could only be inferred in-
directly as reported for PrNi5
18.
When the magnetoelastic coupling becomes very strong,
a completely different excitation spectrum may be expected
resulting in the formation of a bound state between low-
lying optical phonons and a crystal field excitation.19 Such
bound states have been reported in CeAl2
20, CeCu2
21, and
CePd2Al2
22, as interpreted by a theoretical model proposed
by Thalmeier and Fulde.23,24 In a related study, Adroja et al.14
recently reported the observation of a bound state in CeCuAl3,
indicating the presence of particularly large magnetoelastic
coupling. Yet, the same anomalous property, using the same
neutron time-of-flight spectroscopic technique, could not be
observed in the isostructural sibling CeAuAl3,
25 which dis-
plays a Kondo temperature TK = 3.5K and an antiferromag-
netic transition at TN = 1.32K.
In the study reported here, we present first principles cal-
culations of the structural properties and phonon dispersion of
CeAuAl3. Taking into account weak magnetoelastic coupling,
we predict substantial hybridization of quadrupole excitations
with phonons amenable to observation by inelastic neutron
scattering.26
II. STRUCTURAL PROPERTIES AND LATTICE
DYNAMICS
First principles calculations have been carried out by means
of the Vienna ab initio simulation package (VASP)27,28, us-
ing the frozen-core projector augmented wave (PAW) method.
GGA descriptions for the exchange-correlation functional
were used with a cutoff energy of 500 eV in a plane-wave
basis expansion. The Brillouin zone (BZ) was sampled
by 14×14×7 mesh of k-points, as determined according to
the Monkhorst-Pack scheme. The tetrahedron method with
Blo¨chl corrections was employed for the energy calculation,
and Methfessel-Paxton’s Fermi-level smearing was used to
accelerate electronic structure relaxation. A quasi-Newton
algorithm was adopted for the geometric relaxations, with a
convergence criterion of the Hellmann-Feynman force of 0.01
eV/A˚.
CeAuAl3 crystallizes in the non-centrosymmetric
BaNiSn3-type tetragonal structure (space group is I4mm,
No.107). The conventional unit cell contains 10 atoms,
as shown in Figure 1(a). The lattice parameters are
a0 = 4.3364 A˚, and c0 = 10.85 A˚, corresponding to a c/a
ratio of 2.5021.29 For geometry optimizations we started with
2FIG. 1. (Color online) (a) Crystal structure of CeAuAl3. Ce, Au and
Al atoms are shown in yellow, orange, and blue shading, respectively.
(b) Brillouin zone of the body-centered tetragonal lattice of CeAuAl3
with c > a.
the experimental geometries and calculated the dependence
of the total energy (E) on the volume (V ). For the tetragonal
lattice the calculations started with a fixed lattice parameter
a = 4.3364 A˚ and the volume was adjusted by choosing
different c/a ratios. Using a least-squares fit of the E-V
curve (shown in Fig.2) to the third-order Birch-Murnaghan
equation of state (EOS),30
E(V ) = E0 +
9V0B0
16
{[
(V0/V )
2
3 − 1
]3
B′0
+
[
(V0/V )
2
3 − 1
]2[
6− 4(V0/V ) 23
]}
, (1)
the equilibrium energy E0, the bulk modulus B0 and its
derivative B′0 at P = 0 and T = 0 were determined. The
value of c/a at the energy minimum is denoted as ξ. Simi-
larly, we fixed the c/a ratio as ξ=2.4995 and adjusted the vol-
ume by changing the lattice parameter a. Figure 3 shows the
dependence of the total energy on lattice parameters. After
the second EOS fit, the optimized lattice parameters were ob-
tained as a=4.335 A˚, c=10.844 A˚, with c/a = 2.5012, and an
equilibrium atomic volume V0 = 203.81 A˚
3
, as listed in Table
I. Comparison with previous experimental data, also shown in
Table I, reveals excellent agreement.29
Phonon calculations for CeAuAl3 were performed using
the finite difference method. A 2 × 2 × 2 supercell was con-
structed and the code of Phonopywas used.31,32 For CeAuAl3,
TABLE I. Comparison of the lattice parameters, c/a ratio and unit
cell volume of CeAuAl3 observed experimentally and reported in
Refs. 25,29 with ab-initio values calculated as part of our study.
a (A˚) c (A˚) c/a V0(A˚
3)
Expt. at 300 mK25 4.3105 10.7965 2.5047 200.60
Expt. at 9 K25 4.3172 10.8090 2.5037 201.46
Expt. at 300 K29 4.3364 10.85 2.5021 204.03
Our DFT study 4.3354 10.8436 2.5012 203.81
FIG. 2. (Color online) Total energy of CeAuAl3 as a function of
unit cell volume. The solid curve represents a least-squares fit to the
third-order Birch-Murnaghan equation of state, Eq.(1).
there are five atoms in a primitive cell and the full phonon dis-
persion of CeAuAl3 consists of 15 branches comprising three
acoustic and twelve optical modes. However, at certain high
symmetry points and along certain high symmetry directions,
such as Γ−M,mode degeneracies may be seen. Results of our
calculations along the high-symmetry direction Γ−M−S0−Γ
in the tetragonal Brillouin zone are shown in Fig. 4.
Using group theoretical techniques, the irreducible repre-
sentations for the high symmetry points Γ, M, and S0 may be
obtained, given by
Γ = 4Γ1 + Γ3 + 5Γ5,
M = 4Γ1 + Γ3 + 5Γ5,
S0 = 9A
′ + 6A′′.
Since all the representations of C4v are one dimensional ex-
cept for Γ5, we find that Γ1 and Γ3 are single modes without
degeneracy, while the two transverse acoustic branches along
Γ−M are degenerate.
III. COUPLED QUADRUPOLE-PHONON EXCITATIONS
The magnetoelastic properties of rare earth systems origi-
nate mainly in the interaction of 4f -electrons with total an-
gular momentum J with the crystal electric field. As men-
tioned above, a lot of effort has been devoted to the study of
3FIG. 3. (Color online) Depiction of the total energy of CeAuAl3 as a
function of the lattice parameters a and c. Lattice parameters at the
minimum are in excellent agreement with experiment; for values see
Table I.
FIG. 4. Phonon dispersion for CeAuAl3 along high symmetry lines
Γ−M−S0 − Γ, where Γ = (0, 0, 0), M= (1/2, 1/2,−1/2), and
S0 = (−η, η, η) in primitive basis, with η = (1 + a2/c2)/4.
coupled quadrupole-phonon excitations reflecting magnetoe-
lastic interactions.15–18 Several theoretical derivations for the
mixed-mode excitation dispersion have been reported. Using
a diagrammatic method the mixed-mode excitation dispersion
may be inferred from the poles of the dynamical susceptibility
of the system of RE ions.33,34 Another important approachwas
proposed by Aksenov et al.35, using the equation of motion
method for the Green-function (GF) as a basis to describe cou-
pled quadrupole-phonon excitations. In our study both meth-
ods give the same results, since some secondary effects are
not included as described below. We will treat f -electrons as
strictly localized, because first CEF excitation at E=59.2K25
lies well above TK.
The Hamiltonian for rare-earth compounds, taking into ac-
count magnetoelastic interactions, may be written as
H = HLattice +
N∑
f=1
HfCEF, (2)
HfCEF = H
0
CEF +H
I
me, (3)
where HLattice describes phonons in the harmonic approxi-
mation, HfCEF denotes the interaction of the spin J of the
f -electron containing atom with the crystal field due to the
surrounding atoms, and the summation over f extends over all
atoms in the crystal. The termH0CEF is the conventional crys-
tal field Hamiltonian for the stationary lattice, which may be
expressed in terms of Steven’s operators. HIme is the single-
ion magnetoelastic interaction, coupling the spin system to the
strain. This simple model allows to describe the elementary
excitations, which may be observed by inelastic neutron scat-
tering where the differential neutron scattering cross section
may be expressed in terms of the phonon Green-function36.
Although there is no inversion symmetry (I) at the Ce-site,
the usual CEF potential for I-symmetric cites may be used in
CeAuAl3 as an approximation. The CEF Hamiltonian is then
given by25
H0CEF = B
0
2O
0
2 +B
0
4O
0
4 +B
4
4O
4
4 , (4)
whereBmn andO
m
n are the CEF parameters and Steven’s oper-
ators, respectively.37,38 The sixfold degenerate Ce3+ (J = 52 )
states, 4f1, splits into three doublets in the paramagnetic
phase. The CEF parameters of CeAuAl3 have been deter-
minated by inelastic neutron scattering.25 They are given by
B02 = 1.2208(130) meV, B
0
4 = −0.0021(3) meV, and B44 =
0.2555(2)meV. With this set of CEF parameters, one obtains
the eigenvalues EΓ6 = −10.0184 meV, EΓ1
7
= −4.84099
meV, and EΓ2
7
= 14.8594 meV, and the corresponding eigen-
vectors
|Γ6〉 = | ± 1
2
〉,
|Γ17〉 = −α| ∓
3
2
〉+ β| ± 5
2
〉,
|Γ27〉 = α| ∓
5
2
〉+ β| ± 3
2
〉, (5)
with α = 0.927, and β = 0.375. At low temperatures, only
the lowest-lying level is occupied. The excitation energy for
the |Γ6〉 → |Γ17〉 transition corresponds to EΓ6Γ17 = 5.1 meV,
which is a factor of five smaller as compared to the energy
of the |Γ6〉 → |Γ27〉 transition. This suggests roughly cu-
bic CEFs (B04 is very small) with the doublet |Γ6〉 forming
a quasi-quartet, consistent with the cage-like environment of
Ce in Fig. 1(a). In the following we consider the transition
|Γ6〉 → |Γ17〉 between the two lowest-lying states only which
crosses the acoustic phonons.
The single-ion terms in the magnetoelastic Hamiltonian ac-
count for the direct coupling between the deformations of
the lattice and the 4f shell. This Hamiltonian may be con-
structed according to group theory.39,40 For the spin func-
tions SΓ,ji (i = 1, 2, · · · , n) which form a basis for the n-
dimensional representationΓ, where different sets are denoted
4by j =1, 2, as shown in Table II, the single-ion contributions
HIme to the magnetoelastic Hamiltonian becomes
HIme = −
∑
Γ
∑
j,j′
B˜Γjj′ (f)
∑
i
ǫΓ,ji SΓ,j
′
i (f), (6)
where B˜Γjj′ represents a material-specific phenomenological
magnetoelastic coupling constant, and the number of single-
ion magnetoelastic coupling constants for the tetragonal point
group is listed in the last two columns of Table III. ǫΓ,ji
are linear combinations of the first-order strain components
ǫµν (µ, ν = x, y, z). The shear strain is defined as ǫµν =
1
2 (
∂uν
∂µ
+
∂uµ
∂ν
). As a constraint we assume that all antisym-
metric strains such as 12 (
∂uy
∂x
− ∂ux
∂y
), which correspond to
homogeneous rotations of the crystal, vanish. This assump-
tion is reasonable, because according to Fulde41, although in
zero external field the rotational magnetoelastic interaction
contributes to the phonon dispersion curves for finite wave
vectors, it only gives corrections of a few percent. An addi-
tional justification presented in Ref. 34 concerns that rota-
tional effects cannot be included correctly, if the full crystal
level scheme is not taken into account. As Eq.(6) has been
derived using homogeneous strains, it is only valid for long-
wavelength acoustic phonons.33
According to Table II and Table III, the single-ion magne-
toelastic Hamiltonian for the tetragonal symmetry is given by
HIme(f) =− B˜α1ǫα1
[
3J2z − J(J + 1)
]
− B˜α2ǫα2
[
3J2z − J(J + 1)
]
− B˜γ
√
2
2
(ǫxx − ǫyy)(J2x − J2y )
− B˜δ
√
2
2
ǫxy(JxJy + JyJx)
− B˜ǫ
√
2
2
ǫyz(JyJz + JzJy)
− B˜ǫ
√
2
2
ǫxz(JxJz + JzJx). (7)
Since the single-ion mangetoelastic Hamiltoninan is suffi-
ciently general when considering the main effects,42 our study
avoids additional complications caused by two-ion magnetoe-
lastic interactions which may lead to structural and magnetic
phase transitions.43
In conventional linear strain theory, i.e., neglecting the sec-
ond order magnetoelastic interaction as well as the linear rota-
tional interaction,35,43 and expanding the crystal field potential
in powers of the lattice deformations, the Hamiltonian given
in Eq. 3 may be written as
HfCEF = H
0
CEF+
∑
q
(aq + a
†
−q)V (J , q) exp (iq ·R), (8)
where a†
q
and aq are creation and annihilation operators for
the phonons with wave vector q. Usually the experimental
data, even in the presence of an applied magnetic field may
be fitted well by the term V (J , q) alone. The magnetoelas-
tic interaction operator permits the hybridization of quadrupo-
lar excitations and transverse acoustic phonons (c44 mode) in
several symmetry directions of the reciprocal lattice. For in-
stance:
(i) M-direction:
V (J , q) ∼ ex(qz)qz[JxJz + JzJx] + ey(qz)qz[JyJz + JzJy],
(ii) [1, 0, 0] direction:
V (J , q) ∼ ez(qx)qx[JxJz + JzJx],
(iii) [0, 1, 0] direction:
V (J , q) ∼ ez(qy)qy[JyJz + JzJy], (9)
where e(q) is the polarization vector for the phonons. For
different wave vectors [ζ, 0, 0], [0, ζ, 0] and [0, 0, ζ], V (J , q)
may be related to the dynamical matrix M for the acous-
tic modes, with the matrix element Mik =
∑
j,l cijklqjql.
The solutions are listed in Table IV. In addition to the mixing
for transverse phonons, the magnetoelastic interaction could
also lead to the appearance of mixed modes for longitudinal
phonons with q · e = 1. For example, the quadrupole operator
3J2z − J(J + 1) has non-zero matrix elements for the CEF
transitions |Γ1A(B)7 〉 → |Γ2B(A)7 〉, and allows the mixing for
longitudinal modes at elevated temperatures.
Following the strategy developed by Aksenov et al.,18,35 the
differential neutron cross section may be inferred from the
one-phonon Green-function,
D(q, ω) =
[(
D0(q, ω)
)−1
−
∑
mn
Gmn(q, ω)
]−1
, (10)
where D0(q, ω) = 2ω0
ω2
q
−ω2
0
is the phonon GF in the harmonic
approximation, with ω0 the frequency of the lattice vibration,
and Gmn(q, ω) in the paramagnetic phase describes single-
ion quadrupole excitation
Gmn(q, ω) =
EmnVmn(J,q)Vnm(J,q)(fm − fn)2
ω2
q
− E2mn
, (11)
where Emn = En − Em are the energies of transitions be-
tween CEF levels, fm = exp (−βEm)/
∑
m exp (−βEm)
is the Boltzmann population factor, and Vmn(J,q) =
〈m|V (J , q)|n〉 are the matrix elements of the operator
V (J , q) (9). For the Γ−Mdirection, only the matrix elements
determined by ΓA6 −Γ1B7 and ΓB6 −Γ1A7 differ from zero, and
may be written in the form
|VΓA
6
Γ1B
7
| = |VΓB
6
Γ1A
7
| = 2
√
2αB˜ǫ|q|, (12)
where the superscripts A and B are used to distinguish the
doublets |Γ6〉 and |Γ17〉.
Using Eqs. (10) to (12), the energy of the coupled
quadrupole-phonon excitation dispersion, ω(q), may be de-
termined by the poles of the Green-Function in Eq. (10), i.e.,
by setting the denominator of Eq. (10) equal to zero43
(ω2
q
)2 − ω2
q
E2Γ6Γ17
− ω20ω2q + ω20E2Γ6Γ17
− ~
2
Mc
EΓ6Γ17(|VΓA6 Γ1B7 |
2 + |VΓB
6
Γ1A
7
|2) = 0. (13)
5TABLE II. Strain functions and single-ion spin operators for the tetragonal system.
Strain functions ǫΓ,ji Single-ion operators SΓ,j
′
(f)
ǫα1 ≡
√
3
3
(ǫxx + ǫyy + ǫzz) 1
ǫα2 =
√
2
3
[ǫzz − 12 (ǫxx + ǫyy)] 3J2z − J(J + 1)
ǫγ =
√
2
2
[ǫxx − ǫyy] J2x − J2y = 12 (J2+ + J2−)
ǫδ =
√
2ǫxy Pxy =
1
2
(JxJy + JyJx)
ǫǫ1 =
√
2ǫyz Pyz =
1
2
(JyJz + JzJy)
ǫǫ2 =
√
2ǫzx Pzx =
1
2
(JxJz + JzJx)
TABLE III. Group table for crystal point group. Pairs of functions in a square bracket form a two-
dimensional irreducible representation. Nel denotes the number of elastic constants, and Nme denotes
the number of single-ion magnetoelastic coupling constants.
System Point group Basis functions Dimensionality Nel Nme
Tetragonal 4mm
x2 + y2 + z2, (
√
3/2)(z2 − 1
3
r2) 1 3
6
3
6
1
2
(x2 − y2) 1 1 1
xy 1 1 1
[yz, xz] 2 1 1
TABLE IV. Long-wavelength acoustic modes generated by shear dis-
tortions of the crystal structure representing solutions of the dynamic
matrix M for three wave vectors [ζ, 0, 0], [0, ζ, 0] and [0, 0, ζ] are
tabulated, where ρ is the density, cij are elastic constants. The sub-
scripts on ω denote the eigenvectors of M representing the corre-
sponding motions of the atoms.
q = [ζ, 0, 0] q = [0, ζ, 0] q = [0, 0, ζ]
ρω2[100] = c11ζ
2 ρω2[010] = c22ζ
2 ρω2[001] = c33ζ
2
ρω2[001] = c44ζ
2 ρω2[001] = c44ζ
2 ρω2[010] = c44ζ
2
ρω2[010] = c66ζ
2 ρω2[100] = c66ζ
2 ρω2[100] = c44ζ
2
One may then obtain the collective excitation spectra for the
coupled quadrupole-phononmodes in the paramagnetic phase
as follows
ω2
q± =
1
2
(E2Γ6Γ17
+ ω20)∓
[(1
2
(E2Γ6Γ17
− ω20)
)2
+
~
2
Mc
EΓ6Γ17(|VΓA6 Γ1B7 |
2 + |VΓB
6
Γ1A
7
|2)
] 1
2
, (14)
where fΓ6 = 1 and fΓ7 = 0, andMc is the unit cell mass.
For the modeling of the acoustic phonon dispersion a one-
dimensional chain is used ω0 = K
√
1− cos(q), where K
is related to the amplitude of the branch and determined ex-
perimentally. Therefore, using equations (12) and (14), one
may infer the magnetoelastic constant from experiment. The
calculated dispersion curves of the mixed modes, i.e., the cou-
pled quadrupole-phonon excitations described by Eq. (14) are
shown in Fig. 5.
Recently, a series of neutron scattering experiments of sin-
gle crystal CeAuAl3 have been performed at the triple axis
spectrometers PUMA44 and PANDA45 at the Maier-Leibnitz
Zentrum (MLZ) in Garching, Germany. Here the profond an-
ticrossing as calculated in this paper was observed with an
FIG. 5. Dispersion curves of the coupled quadrupole-phonon ex-
citations ωq± (see Eq.(14)) in the paramagnetic phase of CeAuAl3
(|Γ6〉 → |Γ17〉), with Γ = (0, 0, 0), M= (0, 0, 1). The magneto-
elastic coupling results in a clear anticrossing.
estimated effective magnetoelastic coupling constant gAC =
(B˜ǫ)2
c44Ω
of 12.1(2) µeV, where Ω is the volume of the primitive
cell. This provides compelling evidence of magnetoelastic in-
teractions in this compound. These data will be reported in a
separate paper26. We expect that the same anticrossing may
be also present in CeCuAl3, but more difficult to resolve as
the first CEF excitation is rather low (1.3meV).14
6IV. IV. CONCLUSIONS
In summary, we have studied the structural properties and
lattice dynamics of the non-centrosymmetric heavy fermion
compound CeAuAl3 by first principles calculations. The ir-
reducible representations for lattice modes at high symmetry
points have been determined. Our results appear to contrast
TOF neutron scattering experiments25 which concluded that
strong magnetoelastic interactions were absent in CeAuAl3 as
a bound state between CEF excitations and phonons could not
be observed.
However, in our calculations we find that moderate mag-
netoelastic interactions are sufficient for the formation mixed-
modes of phonons and quadrupole excitations. Using the the-
oretical deviation developed by Aksenov et al.35, a direct cal-
culation of the matrix elements Vmn(J,q) shows, that they
are non-vanishing for ΓA6 − Γ1B7 and ΓB6 − Γ1A7 , driving cou-
pled quadrupole-phonon excitations even in the paramagnetic
state. The analytic expression for the mixed excitation dis-
persions ωq± has been inferred from the poles of the phonon
Green-function. In our recent inelastic neutron scattering
experiments26, these mixed excitations have been observed di-
rectly, providing strong evidence for the importance of mag-
netoelastic interactions in CeAuAl3.
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